Abstract. A geometric multisymplectic formulation of the classical BRST symmetry of constrained first-order classical field theories is described. To effect this we introduce graded analogues of the bundles and manifolds of the multisymplectic formulation of first-order field theories. The Lagranged'Alembert formalism is also developed in terms of the multisymplectic framework. The result is a covariant Hamiltonian BFV formalism.
In an accompanying preceding paper [9] the author detailed the homological algebra which provided an algebraic description of the Marsden-Weinstein multisymplectic reduction. The study of multisymplectic geometry [1, 2, 3, 13, 23] arose in the context of the search for the geometric foundations of classical field theory [17, 18, 19, 20] . We turn in this paper to a study of those multisymplectic manifolds which form the geometric foundations of first order classical field theories. We develop a geometric multisymplectic formalism describing the classical BRST 1 symmetry of constrained first-order classical field theories whose symmetries arise by virtue of the prolongation of a group action by bundle morphisms of the configuration bundle. The essence of the geometric formulation is to encode the algebraic structures of the homological description of Marsden-Weinstein multisymplectic reduction into geometric structures on graded-multisymplectic manifolds.
1. In the first section we introduce the Lagrange multiplier into the multisymplectic framework. We effect this by virtue of the introduction of a certain integrable distribution whose existence follows by virtue of the assumed free and proper group action by bundle automorphisms on the configuration bundle. We make use of this distribution in order to define a configuration bundle, multiphase space and covariant phase space extended by the addition of a Lagrange multiplier and its canonical momenta. We then generalise the Lagrange-d'Alembert formalism to the multisymplectic context whence we obtain both the generalised Lagrange-d'Alembert-Hamiltonian equations of motion and the conservation of the covariant Noether currents from a single elegant geometric equation.
2. In the second section we construct graded analogues of the configuration bundle, the multiphase space and the corresponding covariant phase space, of the multisymplectic formalism. The geometric constructions described here formalise the introduction of the Grassmann-odd degrees of freedom known in the literature as ghosts. 3. In the third section we shall complete the translation of the algebraic structures needed in the homological description of Marsden-Weinstein multisymplectic reduction into geometric structures on graded multisymplectic manifolds. We introduce a certain Abelian Grassmann-odd bundle morphism of the graded configuration bundle which upon prolongation to the graded covariant phase space is the classical BRST symmetry. Upon projection of the Abelian Grassmann-odd bundle morphism to the configuration-bundle one regains the original non-Abelian gauge automorphism of the configuration bundle. The observables on the graded multisymplectic manifold form a Z 2 × Z 2 -graded Poisson-Leibniz algebra. We identify the algebraic differential complex of [9] with a pair consisting of a subalgebra of the algebra of observables and the Poisson-Leibniz derivation generated by a Grassmann-odd (n-1)-form. The Grassmann-odd (n-1)-form is the lifted momentum observable corresponding to the Abelian Grassmann-odd bundle morphism of the graded configuration bundle. The observables on the reduced multisymplectic manifold are obtained as the zeroth homology of this geometric differential complex. 4. In the fourth section we combine the Lagrange d'Alembert formalism with the graded multisymplectic formalism in order to obtain a covariant Hamiltonian BFV formalism. 5. In the fifth section we shall illustrate the new formalism by deriving a new BRST algebra for the well known exemplar of Yang and Mills. The novelty in our covariant Hamiltonian approach is that the resulting BRST algebra is polynomial in the canonical variables, unlike the non-covariant approach where one finds the algebra to include spatial derivatives of the canonical variables. 6. We conclude in the final section with an appendix containing a brief description of those elements of the multisymplectic formulation of first order field theories prerequisite to the exposition in this paper.
We thus obtain a covariant Hamiltonian geometric formulation of the classical BRST symmetry for first order field theories.
A Multisymplectic Lagrange-d'Alembert Formalism.
The BFV formulation [11] of the classical BRST symmetry includes a pair of dynamical variables which are the Lagrange multiplier of the Lagrange-d'Alembert variational principle and canonically conjugate momenta which is prescribed to vanish so that the introduction of the Lagrange multiplier does not introduce extra dynamical degrees of freedom. Since we should like to construct a multisymplectic formulation of the classical BRST symmetry it is therefore necessary to formulate the existence of this pair within the multisymplectic formalism. In the first subsection we shall introduce the Lagrange multiplier distribution. We thus encode the notion of a Lagrange multiplier into a geometric structure. We shall show that our characterisation generalises the usual definition in the symplectic to the multisymplectic case. In the second subsection we shall use the Lagrange multiplier distribution in order to define a configuration bundle and multiphase space extended by the addition of a Lagrange multiplier and a canonically conjugate multimomenta. In the final subsection we shall formulate a generalisation of the Hamiltonian equations of the Lagrange-d'Alembert variational principle for field theories in terms of a geometric equation on a certain multisymplectic manifold.
1.1. The Lagrange Multiplier Distribution. In order to formulate the Hamiltonian BFV structures within the multisymplectic formalism we need to introduce Lagrange multipliers and the canonically conjugate momenta. We obviously need to know how to capture within the multisymplectic framework the notion of the Lagrange multiplier. A suitable starting point is an intrinsic property of the Lagrange multiplier within classical mechanics, namely that the Lagrange multiplier is a section of the cotangent bundle that annihilates the constraint distribution. In the following we shall extend this characterisation to the case of those free and proper group actions on multisymplectic manifolds that arise by virtue of the prolongation of automorphisms of E covering diffeomorphisms of B (viz. a morphism of the configuration bundle see §6). All gauge symmetries are of this type.
Let {ξ a } a=1,··· ,dimG be a basis of the Lie Algebra g. Then if G acts by automorphisms of E covering diffeomorphisms of B, then the corresponding vector fields are projectable, namely in the adapted local coordinates they take the form ξ
Having defined the distribution π L we need to determine the local adapted coordinates on π L induced from those on π. Recall that the local adapted coordinates of a point pεU ⊂ E are (x α , u i ) (see §6). By definition the fibres of the distribution π L have a global basis given by {ξ E a } a=1,··· ,dimG . Any element vεL p E of the fibre at p may therefore be written in the form v = Σ a=1,··· ,dimG
The λ a are uniquely determined by (x α , u i ) and v. They therefore determine coordinate functions λ :
In [11] the Lagrange multipliers are introduced as functions which "parametrise" the gauge orbits. In the geometric formulation presented here this is made more precise by the explicit introduction of the distribution π L .
the G-action by bundle morphisms on the configuration bundle π to the multiphase space Mπ. It is a distribution as the dimension of each fibre is constant by the assumed regularity of the covariant momentum map . From the Marsden-Weinstein multisymplectic reduction theorem (see [9] ) we learn that the Hamiltonian vector fields corresponding to the covariant Noether currents span the symplectic complement of the constraint distribution. The prolongations of the ξ E a to the multiphase space thus span the symplectic complement of the constraint distribution. The property that the Lagrange multiplier is the annihilator of the constraint distribution is thus encoded within the following result. 1.2. The Lagrange Multiplier Extended Bundles. This subsection is an exposition of the construction of the extended bundles associated with the introduction of Lagrange multipliers into the multisymplectic formulation of first order field theories. The Lagrange multiplier distribution π L defines a bundle π LB over B by virtue of the first of the two diagrams below. The projection π LB is thus defined to be π
Definition 1.5. The extended configuration bundle π LB is the triple (LE, π LB , B). The bundle π LB has local adapted coordinates (x α , u i , λ a ). Although π L and π LB have the same local adapted coordinates an important difference lies in the structures of their respective vertical bundles. Recall that the vertical bundle plays an important role in the definition of the multiphase space (see §6). The structure of the vertical bundle V π LB leads to a multiphase space extended by the additional structure of a Lagrange multiplier and the canonically conjugate multi-momenta. The first jet bundle J 1 π LB over π LB has one jets which in local coordinates take the form j
Note that in comparison the one jets of the first jet bundle over π L take the local form j
L is therefore a much larger bundle than we want. The commutivity of the second of the two diagrams above defines the surjective submersion
. We define the affine dual of the first jet bundle over π LB by the following short exact sequence (c.f. §6):
is endowed with a canonical n-form Θ LB . In local coordinates it takes the form
Proof. Let ω denote an n-form on π LB and letω denote the corresponding section. They are related by a canonical n-form Θ L B on π LB according toω 
y y r r r r r r r r r r B
The above commuting diagram defines the surjective submersions: For classical mechanical systems with generalised coordinates q i , generalised momenta p i ,where i = 1, · · · , m , Hamiltonian H subject to constraints φ a , where a = 1, · · · , dimG, the Lagrange-d'Alembert-Hamilton equations take the following formq
In [7, 8] 
Corresponding to the multiphase space Mπ L0 there exists a covariant phase space J 1 π L0 * which we define by a short exact sequence, namely
Recall that the covariant Hamiltonian equations are encoded entirely within the the Cartan (n+1)-form. Clearly if we wish to obtain the Hamiltonian equations of the Lagrange-d'Alembert formalism we must enrich the structure of the Cartan form. We achieve this end by adding to the Cartan n-form a term of the form −λ a dδ(ξ a ), where we write δ(ξ a ) for the pull-back i * δ(ξ a ).
Definition 1.8. The extended Cartan (n+1)-form is
In the local adapted coordinates it takes the form
Let H be the Hamiltonian defined by p = −H, by virtue of the Legendre transformation [4, 5] . We pull back the extended Cartan form from 
Proof. It the local adapted coordinates Ω EX H takes the form:
from which follow Hamilton's equations of the Lagrange-d'Alembert formalism.
Then setting ξ α a equal to zero we obtain: Corollary 1.
For the case of the generators δ(ξ a ) arising by virtue of an automorphism of E covering the identity on B then in terms of the local adapted coordinates the covariant Lagrange-d'Alembert-Hamiltonian equations take the form
The equation 0 = dφ * δ H (ξ a ) is the covariant form of Noether's Theorem (see [22] ) from which we learn that the covariant Noether currentφ
We therefore have obtained from our multisymplectic formulation of the Lagrange-d'Alembert principle both the Lagrange-d'AlembertHamiltonian equations of motion and the conservation of the Noether current. Note that when dimB = 1 and upon identification u a =λ a we regain the Lagranged'Alembert-Hamiltonian equations for classical mechanics.
The Graded Multisymplectic Formalism
In the usual formulation of the classical BRST symmetry the classical phase space is enlarged by introducing a Grassmann-odd coordinate, whose components equal in number the number of constraint equations, and canonically conjugate momenta. These Grassmann-odd coordinates were first introduced in the context of a path integral quantisation of constrained classical field theories. In that context they were termed "ghosts" since they were deemed to be unobservable. The BRST symmetry is then introduced as a Grassmann-odd symplectomorphism of this extended phase space. In this section we shall give a new formulation of these classical structures in the context of multisymplectic geometry.
In this section we construct the graded configuration bundle, the graded multiphase space and the corresponding graded covariant phase space for which the BRST formalism takes the form of a Grassmann-odd, nilpotent multisymplectomorphism. We do not at this stage introduce the Lagrange multiplier. The formulation expounded in this section therefore corresponds to the minimal formulation of the Hamiltonian BFV where one introduces only ghosts and not the anti-ghosts [8] . In a section which is to follow we will construct the Lagrange multiplier extension which includes the introduction of anti-ghosts.
2.1. The Graded Configuration Bundle. We begin by defining the graded extension to the configuration bundle obtained by introducing the ghosts. We effect this extension by virtue of an elaboration of the Grassmann-even geometry of the configuration bundle E to a Z 2 -graded geometry. Recall the functor ς from the category of smooth vector bundles V to the category of graded-manifolds S(V) associating the bundle with its total space obtained by reversing the Grassmann-parity of its fibres. That is, V ς ←→ S(V) :: V ς ←→ ΠV . Π is the Inversion Functor, it is idempotent, and acts upon the fibres of vector bundles as Π : [24] for details.
In the definition which is to follow we shall use again the Lagrange multiplier distribution. This time we shall use the inversion functor in order to enlarge the configuration bundle by a Grassmann-odd superstructure. The appropriateness of this definition will become apparent as the ensuing structures unfold.
| | y y y y y y y y y B
The above diagram illustrates the construction and defines the surjections
Definition 2.1. The graded configuration bundle π ΠLB is the triple (ΠLE, π ΠLB , B).
By an analogous construction as for LB, the distribution ΠLB has adapted local coordinates (x α , u i , η a ), where the η a are Grassmann-odd. Again by analogy, any element xεΠL p E of the fibre at p may therefore be written in the form
The η a are uniquely determined by (x α , u i ) and x. They therefore determine Grassmann-odd coordinate functions η :
The η a are to be identified as "ghosts". Recall that gauge symmetries in the multisymplectic formalism occur as prolongations of automorphisms of the configuration bundle [5] . It is therefore natural that the Grassmann-odd BRST symmetry ought to likewise occur as the prolongation of a Grassmann-odd bundle automorphism of the graded configuration bundle. We shall show that the BRST momentum observable is indeed the lifted momentum observable (see §6) associated to the following Grassmann-odd globally defined vector field on π ΠLB , namely
2.2. The Graded Multiphase Space and Graded Configuration Bundle. In this subsection we shall construct the graded multiphase space and the graded covariant phase space corresponding to the graded configuration bundle π ΠLB . We shall see that we may choose either a Grassmann-even or Grassmann-odd Cartan (n+1)-form. We shall advocate a graded multiphase space together with the Grassmann-even Cartan (n+1)-form as the covariant multisymplectic analogue of the extended phase space of the usual BRST formalism.
The first jet bundle of π ΠLB , namely J 1 π ΠLB has 1-jets which in the adapted local coordinates take the form j
The surjective submersion π 0ΠLB is defined by the commutivity of the following diagram to be
, where π 0ΠLB 1
is the surjection mapping each one-jet onto its source.
t t t t t t t t t B
Since π ΠLB is a graded-manifold the forms on π ΠLB are Z 2 -graded so that the bundle Λ n (π ΠLB ) enjoys the following splitting property,
We shall choose the graded multiphase space to have total space Λ n 1 (π ΠLB ) even . This choice leads to the identification of a unique canonical Grassmann-even nform on the multiphase space with the Cartan n-form. This choice is also related to the fact that the jet-bundle and its dual are to be related by the Legendre transformation defined by a Grassmann-even Lagrangian. One may also choose a multiphase space with a Grassmann-odd Cartan form. This leads to a bracket on the (n-1)-forms which will pair Grassmann-odd observables to canonically conjugate Grassmann-even observables. One might call the bracket corresponding to this second choice an anti-bracket. Although it is intriguing to speculate that this second choice may be related to the BV formulation we do not pursue this direction at this time. The affine dual J 1 π ΠLB * of the first jet bundle is defined by the following short exact sequence
Sπ is endowed with a canonical Grassmann-even n-form Θ ΠLB .
In local coordinates it takes the form
Proof. The statement follows from the tautologyω * Θ ΠLB = ω whereω is the section corresponding to the Grassmann-even n-form ω at ( 
3. The Geometric Multisymplectic BRST Formulation of Marsden-Weinstein Reduction for first order field theories
In this section we translate the algebraic structures of the homological description of Marsden-Weinstein multisymplectic reduction [9] into geometric structures on graded-multisymplectic manifolds. We identify the differential complex of [9] with a pair consisting of a subalgebra of the algebra of observables on (
) and a Grassmann-odd (n-1)-form. It then follows that the observables on the reduced multisymplectic manifold are obtained as the zeroth homology of this geometric differential complex.
3.1. The Z 2 × Z 2 -graded Poisson-Leibniz Algebra of Observables. In this subsection we shall describe the algebra of observables corresponding to the graded covariant phase space (
). The analogue of the Z 2 -graded PoissonLeibniz algebra of observables on a multisymplectic manifold [9, 14, 15, 16 ] is a bi-graded Poisson-Leibniz Algebra. 
The bi-graded right Poisson-Leibniz rule
As a consequence of the left bi-graded Loday identity we have the following generalised bi-graded commutivity (c.f. [15] ), namely
We have the following subalgebras of (Λ
, {·, ·}):
), {·, ·}), and 2. (ii) The Z 2 -graded Lie algebra of Hamiltonian (n-1)-forms on (
), {·, ·}).
3.2.
The Origin of the BRST Symmetry. In this subsection we shall detail the form that the classical BRST symmetry takes within the multisymplectic formalism. More precisely we shall show that the BRST multimomentum observable arises by virtue of the prolongation to the graded configuration phase space of a Grassmannodd, commuting automorphism of the graded configuration bundle.
Recall that the sections of the distribution ΠLB take the form
The Lie bracket of two such sections as vector fields on π ΠLB is then
In §2.1 we introduced a globally defined Grassmann-odd vector field on π ΠLB which is constructed by adding to a typical section of ΠLB a term involving the structure constants of the group action, namely V := η a ξ
∂η c . That this vector field is indeed globally defined is guaranteed by the triviality of Lagrange multiplier distribution. Adding the extra term has the effect that this Grassmann-odd vector field has vanishing Lie bracket with itself, that is [V, V ] = 0. The vector field generates a Grassmann-odd automorphism of the graded configuration bundle. So corresponding to the (possibly non-Abelian) group action on E by bundle automorphisms we have constructed a Grassmann-odd commuting bundle automorphism of π ΠLB . This is the origin of the classical BRST symmetry. The essence of the BRST symmetry is thus an "abelianisation" of bundle automorphisms. One thus trades a non-Abelian Grassmann-even bundle morphism for an Abelian Grassmann-odd bundle morphism.
The lifted momentum observable corresponding to the vector field V is defined by Υ := (τ * (V ω), where ωεSπ are n-forms on π ΠLB (see §6.2). In terms of the local adapted coordinates on Sπ, ω = pd
x α and the lifted momentum observable takes the form
We then pull back Υ to J 1 π ΠLB * via the section defined by p = −H and obtain Υ H which in the local adapted coordinates takes the form
Υ H is not a Hamiltonian (n-1)-form for Ω ΠLB H in the case where δ(ξ a ) is the lifted momentum observable corresponding to bundle automorphisms of E covering nontrivial diffeomorphisms of B, it is however for bundle automorphisms of E covering the identity on B. One can most easily see that this is the case if one observes that in the former case dΥ H contains a term involving dη a ∧ du i ∧ d (n−2) x αβ , which can not be obtained by taking the inner product of any vector field with Ω ΠLB H . Υ H is however a generalised Hamiltonian (n-1)-form.
Proposition 3.2. The BRST n-1 form Υ H generates as a left Poisson-Leibniz derivation, namely { , Υ H } a nilpotent, generalised multisymplectomorphism of
Proof. The adjoint operator { , Υ H } is nilpotent iff {Υ H , Υ H } = 0. This may be seen seen from the following identity
Then by direct computation
The generalised multisymplectic structural equation then implies that,
The first and second terms vanish by virtue of the Jacobi identity for the Lie algebra of G. The final three terms cancel each other so that we have obtained the desired result, namely {Υ H , Υ H } = 0.
3.3.
The Geometric BRST Homology and The Reduced Observables. In this subsection we shall obtain the observables on the reduced multisymplectic manifold by virtue of a differential complex which is constructed from natural globally defined geometric objects on the graded covariant phase space. The nilpotent differential is given by the adjoint operator { , Υ H }. Recall that the BRST (n-1)-form takes the form Υ H :=
The BRST (n-1)-form is globally defined by virtue of the triviality of the distribution LE, for this implies that the fibre coordinates {η a } a=1,··· ,dimG and the canonical momentum observable {P a } a=1,··· ,dimG and hence Υ H are globally defined.
The reduced observables were obtained in [9] as the zeroth cohomology of the complex (B, D) where
We shall show that the zeroth cohomology of this differential complex is isomorphic to the PoissonLeibniz derivation of the BRST (n-1)-form on a certain subalgebra of the PoissonLeibniz algebra of observables on the graded covariant phase space (
). Let X be the vector space with basis {η a1 η a2 · · · η a k } a1<a2<···<a k and let Y be the vector space with basis {P a } a=1,··· ,dimG , then the exterior algebra over Y, namely Λ * (Y) has the basis {P a1 ∧ P a2 ∧ · · · ∧ P a k } a1<a2<···<a k . One may then form the tensor product Λ * (Y) ⊗ X. We claim the algebra Λ * (Y) ⊗ X plays the same role in the geometric framework of this paper as Λ * (W) ⊗ Λ * (g * ) played in the algebraic framework of [9] . That Λ * (g * ) is graded isomorphic to X, where we have written the product in the latter by juxtaposition, is clear by the correspondence of α a ∧ α b to η a η b . When the covariant Noether currents arise by virtue of bundle automorphisms of E covering the identity on B (e.g. for background field theories), we claim that Λ * (Y) and Λ * (W) are isomorphic as graded associative algebras. In the more general case of non-trivial diffeomorphisms of B (e.g. for parametrised field theories), we shall see that Λ p (Y) is isomorphic to Λ p (W) for all p such that p(n − 1) < n. In particular for p=0,1 they are always isomorphic.
That Y and W are isomorphic as vector spaces follows from their definitions as dimW = dimY = dimG. The graded associative products on Λ * (W) and Λ * (Y) are identical. To see this recall that (see [9] ) for wεΛ r (W) andẃεΛ s (W) one has w ∧ý = (−1)
rs(n 2 )ý ∧ y as required. The structure of the basis defining W is such that Λ s (W) ∼ = ∅ for all sεZ + such that s(n − 1) > n for the case of automorphisms of E covering the identity on B and Λ s (W) ∼ = ∅ for all sεZ + such that s(n − 2) > n for the case of automorphisms of E covering nontrivial diffeomorphisms on B.
as graded associative algebras. J 1 π * is a submanifold of J 1 π ΠLB * which is called the body of J 1 π ΠLB * . The superstructure which arises on J 1 π * by virtue of the superstructure added to the configuration bundle to form the graded configuration bundle is called the soul of J 1 π ΠLB * [6] . Since J 1 π * is a submanifold of J 1 π ΠLB * it follows that the graded Poisson-Leibniz algebra of observables on J 1 π * is a Poisson-Leibniz subalgebra of the bi-graded Poisson-Leibniz algebra of observables on
) and Λ * Y ⊗ X we may then construct the algebra A := Λ * (H * (J 1 π * , Ω)) ∧ Λ * Y ⊗ X which is the geometric analogue of the algebra B of [9] .
The following theorem is the fruit of the geometric multisymplectic formulation of the classical BRST symmetry, in which we obtain the true physical degrees of freedom of the constrained dynamical system under consideration.
Theorem 3.3. The observables on the reduced multisymplectic manifold are given by the zeroth cohomology of the complex (A, { , Υ H }). That is
Proof. (i) Let us firstly consider the case for Noether currents for which the corresponding bundle morphism is the identity on B. In this case we have shown that the graded vector spaces A and B are graded isomorphic. We wish to show that the complexes (A, { , Υ H }) and (B, D) are isomorphic. We also learn from Proposition 3.2. that { , Υ H } is nilpotent. It therefore only remains to show that the two differentials agree on generators. By direct computation one finds that this is indeed the case.
The derivation { , Υ H } then agrees on products of the generators with D by virtue on the bi-graded right Leibniz rule. The derivation {Υ H , } does not, since it does not satisfy a Leibniz-like rule on products. This concludes the proof as the differential complexes are isomorphic they have isomorphic cohomology and the statement follows.
(ii) For the more general case of Noether currents for which the corresponding bundle morphism involves a non-trivial diffeomorphism of B the graded vector spaces A and B are not quite graded isomorphic. However, recall [9] that the Koszul complex gives a resolution of the Poisson-Leibniz algebra of observables on the constraint submanifold. The salient feature is that the Koszul homology vanishes at all levels other than the zeroth. One thus notes that it is only Λ 0 (W) and Λ 1 (W) that contribute to the homology. Since Λ 0 (W) ∼ = Λ 0 (Y) and Λ 1 (W) ∼ = Λ 1 (Y) even in this more general case we have the desired result.
The Lagrange-d'Alembert Graded Formalism: Covariant
Hamiltonian BFV
The BFV non-covariant Hamiltonian formulation of the classical BRST symmetry involves the introduction of the Lagrange multiplier, the ghosts, anti-ghosts and their canonically conjugate momenta. In this section we shall combine the Lagrange-d'Alembert formalism of §1 with the graded multisymplectic formalism of §2 in order to obtain a covariant Hamiltonian BFV formalism.
4.1. The Extended Lagrange Distribution. In the Lagrange-d'Alembert formalism of §1 we defined a certain submanifold of the graded multiphase space, by virtue of the vanishing of the Noether current B a . This submanifold corresponded to the multiphase space extended by the addition of non-propagating Lagrange multipliers. We lift the Lagrange-d'Alembert formalism off this submanifold by encoding this dynamical information into superstructure in the form of a certain distribution.
The Noether current B a gives rise to the action of the Abelian group K of reparametrisations of the Lagrange multiplier on Mπ LB . Let k be the Lie algebra of K and {ζ a } a=1,··· ,dimG be a basis for k. The Hamiltonian vector field corresponding to the Hamiltonian form J(ζ a ) := B a is X(B a ) = ∂ ∂λ a . This Hamiltonian vector field pushes forward, via the surjection µ LB , to a vector field corresponding to the Lie algebra element ζ a giving rise to bundle automorphisms of the extended configuration bundle π LB . The G action on π thus extendeds to a G × K action on π LB . Let ζ span a subspace of the tangent space of π LB at (x, u, λ). We therefore have a distribution over π LB , namely
. In local coordinates they take the form
4.2. The Lagrange Multiplier Extended Graded Bundles. In this subsection we shall detail the structures of the extended graded bundles which we shall advocate as the starting point of a multisymplectic and therefore covariant Hamiltonian formulation of the classical BFV framework. We begin by defining the appropriate configuration bundle. Once we have this definition the extended graded multiphase space and the extended graded configuration phase space follow (c.f. §6). The diagram below illustrates the construction and defines the various surjections.
. One can show that one may extend the local adapted coordinates on π to π ΠLB which is then endowed with local adapted coordinates (x α , u i , λ a , η a , ̺ a ) where the new coordinate ̺ a is Grassmann-odd. We call ̺ a the antighost corresponding to the Noether current B a . This correspondence is made concrete by virtue of the above construction. The first jet bundle of π ΠLB , namely J 1 π ΠLB has 1-jets which in local coordinates take the form j
0ΠLB is defined by the commutivity of the following diagram to be π
Let Λ
n (π ΠLB ) even be the subbundle of the n th exterior cotangent bundle over π ΠLB whose sections are Grassmann-even n-forms on π ΠLB . The affine dual J 1 π ΠLB * of the first jet bundle is defined by the following short exact sequence 
Proof. The statement follows from the tautologyω * Θ ΠLB = ω whereω is the section corresponding to the Grassmann-even n-form ω at (
is the extended graded multiphase space, where
, the Cartan (n+1)-form takes the form Ω ΠLB = −dp ∧ d n x + du i ∧ dp 
4.3. The Classical BRST symmetry in the Extended Graded Formalism.
In this final subsection we describe the form that the BRST symmetry takes in the extended graded framework. The starting point is as before to notice that the group action by bundle morphisms on the extended configuration bundle lifts to a certain Grassmann-odd bundle morphism on the extended graded configuration bundle. The corresponding Grassmann-odd vector field commutes and in the local adapted coordinates takes the form:
The lifted momentum observable corresponding to the vector field V ). The analogue of the algebra A of the graded formalism is
where C is the vector space with the basis {B a } a=1,··· ,dimG of Grassmann-even (n-1)-forms and D is the vector space with basis {C a } a=1,··· ,dimG of Grassmann-odd (n-1)-forms. The BRST homology of the extended graded formalism is defined to
. Then by virtue of the Künneth formula one has
forms a Koszul complex and the homology is therefore found to be:
{ ,Υ} (A) and therefore that the BRST homology in the extended graded framework is isomorphic to the PoissonLeibniz algebra of observables on the reduced multisymplectic manifold. In this section we shall illustrate, via application, the covariant BFV Hamiltonian formalism developed above to Yang-Mills field theory on Minkowski space-time, the principle particle physics exemplar of a constrained classical field theory. The novelty in our covariant Hamiltonian approach is that the resulting BRST algebra is polynomial in the canonical variables, unlike the non-covariant approach where one finds the algebra to include spatial derivatives of the canonical variables. In [10] the authors study the BRST symmetry of the Yang-Mills theory from the view point of the Poincaré-Cartan form on Jet Bundles, that is in the configuration phase space approach. The presence of the derivative term in the usual BRST algebra leads them to suggest that the BRST symmetry should be formulated in a manner such that it preserves the Poincaré-Cartan form only up to contact terms. In our approach the BRST symmetry is a multisymplectomorphism.
In order to present the BRST algebra in a form close to the usual formalism we must use here Kanatchikov's formalism ( §6.3). This is because the usual presentation of the application of the BRST formalism to examples is in terms of the Poisson bracket formulation, that is, in terms of the adjoint action of the BRST observable on the canonical coordinates and momenta. In comparing our formulation in the context of particular examples one must therefore use the vertical covariant phase space formulation of Kanatchikov. We begin by defining the configuration bundle for Yang-Mills. We shall treat the connection defining the field of Yang Mills as a Lie algebra valued 1-form on Minkowski space time. The configuration bundle for Yang-Mills π YM is
Let E YM denote the total space of the configuration bundle for Yang-Mills. The first jet bundle for π YM has in local coordinates 1-jets of the form j 
The pair (Z, Ω Z ) is a multisymplectic manifold. The dual of the first jet-bundle is defined by the following short exact sequence Z is too large to be the multiphase space for Yang-Mills. The appropriate multiphase space is the submanifold of Z identified as the image of the first jet bundle under the covariant Legendre transformation [22] . In order to construct the covariant Legendre transformation we will need the Yang-Mills functional S[j 1 x A(x)], namely:
where
The covariant Legendre transformations is [22] : 
The primary constraints, denoted T 
The corresponding sub-manifold of the dual jet bundle is defined by the following short exact sequence
One may observe that the primary constraints T We see that the S a generate the Lie algebra g simply by computing the brackets, whence one finds that: 
